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Abstract 

We study the influence of boundary conditions on the entropy of the six- 
vertex model. We consider the case of fixed boundary conditions in order 
to argue that the entropy of the six-vertex model vary continuously from 
its value for ferroelectric to periodic boundary conditions. This is done by 
merging the ferroelectric boundary and the Neel boundary. 
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1 Introduction 


The six-vertex model is one of the simplest and most important exactly solvable 
models in statistical mechanics and it has been extensively studied over the years 
flU 121 . Despite its simplicity, the six-vertex model provides a good description of 
the ice and spin-ice systems [Sill. 

This model was firstly solved with periodic boundary conditions Q . After¬ 
wards, the equivalence of the six-vertex model with free and periodic boundary 
conditions was shown in S . Additionally, it was noted that the free-energy of the 
six-vertex model cannot be independent of boundary conditions O . 

The dependence of the six-vertex on boundary conditions has also been inves¬ 
tigated. The case of special free boundaries [|71, anti-periodic boundaries® gave 
the same answers as the periodic boundary conditions. Later on, the six-vertex 
model with domain wall boundary was considered. It was proved that it produces 
different bulk properties in the thermodynamic limit [|9l|T0l|TTl, e.g the entropy 
at the ice-point is Sow = 1■ Recently the case of domain wall and re¬ 
flecting end boundary condition was considered. It was also shown that the bulk 
properties differ from the periodic case ITT^ . 

This scenario fostered a systematic investigation of the influence of bound¬ 
ary conditions on six-vertex model bulk properties. It was recently shown that 
the bulk properties depend on the boundary conditions only when one has fixed 
boundary iTTSl . In other words, this implies that periodic, anti-periodic and any 
mixture of periodic and anti-periodic along vertical and/or horizontal direction in 
the rectangular lattice produce the same bulk properties. 

Nevertheless, it was also introduced in [[T3ll additional examples of fixed bound¬ 
ary conditions which produce different values for the entropy per lattice site. 
In particular, it was argued in that the entropy of the six-vertex model at the 
ice-point varies continuously from its value for ferroelectric boundary condition 
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{Sfe = 0) to its values with periodic boundary {Spec = | ( 1 )^)- However 

in IIT 3 II it was only discussed the interval SpE < S < Spw The purpose of 
this paper is to review the previous results and extend them for the whole interval 
See < S < SpBc^y means of the direct computation of the entropy per lattice 
site for finite lattices. This is done by merging the ferroelectric and Neel boundary 
conditions at certain fractions. 

The outline of the article is as follows. In section [2l we describe the six-vertex 
model and its boundary conditions. In section [3l we discuss several instances 
of fixed boundary conditions. In section S we introduce another fixed boundary 
condition by merging the ferroelectric and Neel boundary and provide some data 
showing that indeed the entropy is within the interval Sfe < S < Spec- Our 
conclusions are given in section 0 

2 The six-vertex model 

In this section, we introduce the six-vertex model and its partition function with 
various fixed boundary conditions. 

In general, the partition function of a vertex model can be written as a sum of 
all configurations (e), 

N L 

^ = EIIII‘"F> (1) 

{£> i=lj = l 

(i i) 

which is a complicated combinatorial problem. The weight Ue can assume the 
values a(A), 6(A) and c(A), which are associated to the different vertex configura¬ 
tions of the six-vertex model (see Figure fTblfTI. 

These Boltzmann weights are the matrix elements of the so called /(-matrix 
mm , which is the key ingredient for the integrability and fulfill the famous Yang- 
Baxter equation |[T1. 
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Figure 1: The Boltzmann weights Ui of the six-vertex model. 


3 Fixed boundary conditions 

In this seetion we diseuss some examples of boundary eonditions whieh influenee 
the bulk properties of the six-vertex model. We eonveniently eonsider the ease of 
square lattiees L = N throughout this work. 


3.1 Ferroelectric boundary condition 


The ease of ferroeleetrie (FE) boundary eondition is trivial in the sense that one 
has only one allowed physieal state for any finite system size (see figure[2l). There¬ 
fore, the partition funetion is trivial for any values of the physieal parameters. This 
is a direet eonsequenee of the iee rule [[^ and it implies that the entropy is zero 
(Sfe = 0 ) . 
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Figure 2: The partition funetion for = 4 of the six-vertex model with 
ferroeleetrie boundary eondition (FE). 
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3.2 Domain wall boundary condition 

The first non-trivial case was introduced long ago in the context of scalar products 
of the Bethe states. The partition function with the domain wall (DW) boundary 
condition (see figure [3]) ifTdll . 

{fi}) = B(\n) ■ ■ ■ B(A2 )B(Ai) It) , (2) 

can be written as a determinant ifTSl [HI . This is a fundamental property which 
allowed for the computation of the bulk properties in the thermodynamic limit of 
the six-vertex model with DWBCIl9l [T0l[Tn . This also established a relation with 
combinatorics, which is connected with the problem of counting the number of 
alternating sign matrices IfTTlfT^ . 


ftr 



Figure 3: The partition function for N = 4 of the six-vertex model with 
domain wall boundary condition. 


3.3 Neel boundary condition 

Recently, it was introduced the case of called Neel boundary condition or anti- 
ferroelectric boundary [fT3l . This is the case where we have the alternation of the 
arrows along the boundaries, see Figure jH 
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Figure 4: The partition function for = 4 of the six-vertex model with 
Neel boundary condition (NE). 


In contrast with the case of ferroelectric boundary condition which allows 
for only one possible state, the Neel boundary is the one which allows for the 
largest number of configurations. As a consequence of the arrows alternation in 
the boundary, it allows the largest number of arrow reversals along the bound¬ 
ary and this propagates to the bulk. It was shown in lfT3]l that Sne = 5'pbc at 
ice-point (a = 6 = c = 1) in the thermodynamic limit. 

However, it was not possible to derive a product formula for the number of 
states involving factorials for the Neel boundary. The only estimates was obtained 
from the data for finite system size up to = 20, which indicates that the entropy 
behaves as Sne = SpBci^ — where 7 ~ 2 IIT3l . Interesting enough, the Neel 
boundary conditions also appears in the context of generalized alternating sign 
matrices [fT9ll . 


3.4 Merge of DW and FE boundary condition 

We can generate additional boundaries by merging the previous cases. This re¬ 
sults in different values for the bulk properties. By merging the domain wall and 
ferroelectric boundary, we have a smaller number of physical states and therefore 
the entropy is smaller than the domain wall boundary. 
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Figure 5: The partition funetion for N = 5 of the six-vertex model 

whose boundary are a mixture of the domain wall and ferroeleetrie boundary (DW- 


FE). 


We build that by ehoosing an integer number n between 0 and N. Starting 
from the upper-left eorner, we fill the first n boundary row and eolumn edges with 
arrows in the same way we would fill the domain wall boundary, see Figure [51 The 
opposite edges of these are also filled with the respeetive arrows of the opposite 
edges of the domain wall boundary eondition. So far, we have used the arrows 
eonfiguration of a domain wall boundary with lattiee size n to fill our boundary 
of lattiee size N. The remaining arrows are filled in the same way, but using 
boundary arrows of the ferroeleetrie boundary. 

This implies that we have partially frozen the arrow eonfigurations of the lat¬ 
tiee in a similar way as the ferroeleetrie boundary. The differenee lies in the nxn 
sublattiee at the upper-left eorner. This implies we are left with a domain wall 
partition funetion of size n, whieh means 

N n 

n X 


yDW-FE 

-‘N 


N N 

n n KAi-/ii) 

_ 2=1 j=n-\-l 


J=n-\-l j=l 


DW 


( 3 ) 
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Therefore, we see that the entropy at infinity temperature (ice-point) is given by 


Sdw-fe — lim ( — ) Sdw ( 4 ) 

N^oo \I\I / 

For a suitably chosen sequence n{N), one can obtain any value of entropy S in 
the interval Sfe < S < Sow (El. Therefore, the merge of domain wall and 
ferroelectric boundary condition implies that the entropy vary from its values for 
the ferroelectric case to the domain wall boundary case. However this leaves the 
interval Sow < S < Spec an open problem. 


4 Merge of Neel and FE boundary 


We consider the merge of the Neel and ferroelectric boundary in order to show 
that the entropy of the six-vertex model can vary in the whole interval SpE < 
S < Spec- We have chosen the upper-left comer to be of Neel type and the 
lower-right comer to be of ferroelectric type. Figure [6l 
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Figure 6: The partition function 


NE-FE 

N 


for N = 6 and n = 4 of the six-vertex 


model which is a merge of the Neel and ferroelectric boundary (NE-FE). 
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Figure 7: Finite entropy of Neel-Ferroeleetrie merge vs. proportion number n. 
The linear length is set to N = 20. Note the gradual variation on the entropy 
values. 

Taking into aeeount the internal frozen degrees of freedom, one finds that 
the partition funetion takes the form of a L-shaped lattiee rather than the usual 
reetangular one. This type of partition funetion have been investigated in the 
literature [[20l with different boundary eonditions. 

By eonstruetion, we have that = 0 for n = 0 and = 

gNE _ qpbc = jY whieh holds true in the thermodynamie limit. We argue 
that if n ehanges from no to no + 1 there is a small variation in the entropy, as 
expeeted for large N values. This is supported in Figure |71 where we show the 
entropy with fixed = 20 and n ranging from 0 to N. 

With N as large as 20, we already ean see the eontinuity taking plaee. The 
largest differenee of eonseeutive entropies is less than 0.03. It reasonable to as- 
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n=N/2 



Figure 8: Difference of finite entropies of Neel-Ferroelectric merge with consec¬ 
utive n values vs. total linear length N. We set the proportion number n< to 

and n> = n< -f 1. 

sume that = 0{^). To support this, we also show the entropy 

difference with n = [yj and N ranging from 2 to 20, Figure 

[SI As we can see, the entropy difference vanishes sufficiently fast. 

5 Open problems 

• Classify the boundaries conditions into classes, which produce the same 
entropy per lattice site in thermodynamic limit. 

• Prove that the bulk free energy is constant inside of each class. 

• Find new boundary conditions, for which the model is solvable analytically. 

• Prove that for majority of boundary evaluation of bulk free energy is NP 
hard. 
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• Prove that for majority of boundary conditions the phase boundaries [in the 


space of Boltzmann weights] are the same as for periodic case. 


6 Conclusion 

In this paper we have studied the dependence of physical quantities, like entropy, 
of the six-vertex model on boundary conditions. 

We argued that the entropy per lattice site changes continuously from zero to 
its value with periodic boundary condition in the thermodynamic limit. 

There still remains open questions, e.g the complete classification of the bound¬ 
ary conditions, the existence of further boundary conditions for which the model 
is solvable analytically and the existence of other vertex models whose physical 
quantities do depend on the boundary conditions. 
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